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Let F be a cubic number field with negative discriminant. Taking into account
the extension degree of the ray class field modulo a prime ideal, we study the resi-
dual index I(p) of residue classes represented by units in the multiplicative group of
the residue field modulo a prime ideal p. The possible minimal value a(p) is given,
and we give the density of prime ideals p with I(p)=a(p) if the degree of p is one,
and a conjecture if the degree is 2 or 3. © 2001 Elsevier Science
Let F be an algebraic number field. We want to know how units of F
distribute. As an approach to this purpose, we try a method by Hooley to
Artin’s conjecture on primitive roots.
Let f1, ..., fg be natural numbers such that f1 [ f2 [ · · · [ fg and
;gi=1 fi=[F : Q] and set T=(f1, ..., fg). For a prime ideal p of F, we
denote by p a prime number lying below p. When p is a product of prime
ideals p1, ..., pg with relative degree fi in F, we say that p is of type T. We
consider only unramified prime ideals. For a natural number f (= one of
fi’s) we set
PT, f(x) :={p | p is of type T, the degree of p is f and p [ x}
E(p) :={u mod p ¥ (OF/p)× | u — ,unit mod p},
I(p) :=[(OF/p)× : E(p)],
where p stands for prime ideals of F. Under the assumption on the
existence of a good function aT, f which satisfies the condition
(A) aT, f(p) | I(p) for p ¥ PT, f(.),
we can embody a problem explicitly. Set
PT, f(x, n) :=#{p ¥ PT, f(x) | n | (I(p)/aT, f(p))},
NT, f(x) :=#{p ¥ PT, f(x) | I(p)=aT, f(p)}.
Now the problem is to study an asymptotic behavior of these with the
determination of aT, f(p). We gave a conjecture in [IK] for real quadratic
fields, and we have affirmative answers [M, CKY, R] under the general-
ized Riemann Hypothesis(GRH). This is merely one possible view point to
study the distribution of units. Following [Ho], we state a strategy to
tackle it. Set
NT, f(x, g) :=#{p ¥ PT, f(x) | q h (I(p)/aT, f(p)) for -q [ g},
MT, f(x, g1, g2) :=#{p ¥ PT, f(x) | q | (I(p)/aT, f(p)) for g1 < ,q [ g2},
where q stands for prime numbers. Then the following obvious inequalities
for t < x are fundamental:
NT, f(x, t)−MT, f(x, t, .) [NT, f(x, .)=NT, f(x) [NT, f(x, t).
We want to take t so that NT, f(x, t) and MT, f(x, t, .) are a main term
and an error term of NT, f(x), respectively. The treatment of NT, f(x, t) is as
follows: Set Q(t) :=<q [ t q, where q stands for prime numbers. Then we
have
NT, f(x, t)=#{p ¥ PT, f(x) | (I(p)/aT, f(p), Q(t))=1}
= C
p ¥ PT, f(x)
(I(p)/aT, f(p), Q(t))=1
1= C
p ¥ PT, f(x)
C
n | (I(p)/aT, f(p), Q(t))
m(n)
= C
n | Q(t)
m(n) C
p ¥ PT, f(x)
n | I(p)/aT, f(p)
1= C
n | Q(t)
m(n) PT, f(x, n).
If, hence we can separate NT, f(x) into NT, f(x, t) and MT, f(x, t, .), and
give an asymptotic formula for PT, f(x, n), we can get an asymptotic
formula for NT, f(x). As stated above, everything goes well under the GRH
when F is a real quadratic field.
In this paper, we are concerned in a real cubic field F with negative
discriminant. In Section 1, we give algebraic prerequisites and in Section 2
asymptotic formulas of NT, f(x) for T=(1, 1, 1) or (1, 2), f=1 with
aT, f(p)=1 are given. In Section 3, we treat the case T=(1, 2), f=2.
Suppose that a prime number p is p1p2 in F where the degree of prime ideal
pi is i. Then we can find that aT, f(p2) :=dFI(p1) satisfies the condition (A),
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where dF=3 if F is pure cubic and F(z3, 3` e) for a fundamental unit e of F
is a Galois extension over Q, and dF=1 otherwise. We can give an
expected positive main term but can not handle the error term even if we
assume the GRH. By the class field theory, we find that the extension
degree of the ray class field mod p2 over F is divisible by dFI(p1). How can
one construct the subfield which corresponds to it? In Section 4, we treat
the case T=(3), f=3, i.e., the remaining primes. We see aT, f(p)=
dF(p−1)/2, but can not handle the error term in this case, either. The
subextension in the ray class field mod p corresponding to (p−1)/2 can be
explained by the composite of F and Q(zp+z
−1
p ) where zp is a primitive pth
root of unity. How can one construct the additional extension of degree 3
when dF=3?
Notation. Q, R denote the field of rational numbers and real numbers,
respectively. Qab stands for the maximal abelian extension of Q. Through
this paper, F is a real cubic field with negative discriminant d and a unique
fundamental unit e( > 1). d˜ is the discriminant of Q(`d). F0 :=F(`d) is a
Galois closure of F over Q. e, eŒ, e¯ Œ ¥ F0 are conjugates of e over Q. OF is
the maximal order of F and for a prime ideal p of F, we set
E(p) :={u mod p ¥ (OF/p)× | u — ,unit mod p},
I(p) :=[(OF/p)× : E(p)].
For a natural number m, we set
K(m) :=F0(z2m, m` e, m` eŒ, m` e¯ Œ)=F0(z2m, m` e, m` eŒ),
where zn denotes a primitive nth root of unity. We set
dF :=˛3 if F is pure cubic and F0( 3` e)/Q is a Galois extension,
1 otherwise.
For a Galois extension E/K and a union of conjugacy classes C of
Gal(E/K), we denote by pC(x, E/K) the number of prime ideals p of K
such that p is unramified in E with NK/Q(p) [ x and the Frobenius
automorphism (E/KP ) ¥ C for a prime ideal P of E lying above p.
We will use these without reference in the text.
1. PREREQUISITE
In this section, we give lemmas which are necessary to more detailed
discussions later.
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Lemma 1.1. Let p be a prime number unramified in F. p remains prime
in Q(`d) if and only if (p)=p1p2 in F where pi is a prime ideal of degree i.
Proof. Suppose that (p)=p1p2 in F for prime ideals pi of degree i. We
assume that p decomposes in Q(`d) . Then a prime ideal P of F0 which
lies above p1 is of degree 1, since the closures of F and Q(`d) in (F0)P are
isomorphic to Qp. Since F0/Q is a Galois extension, the degree of any
prime ideal P of F0 lying above p, in particular lying above p2 has degree 1.
It is a contradiction.
Conversely, suppose that p remains prime in Q(`d). Let P be any
prime ideal of F0 lying above p. Since P 5Q(`d)=pOQ(`d) has degree 2,
the degree of P is even, and is equal to 2 or 6. If the degree is 6, then the
whole Galois group coincides the decomposition group and hence is cyclic.
It is a contradiction. Hence the degree of P is 2. We may suppose that the
decomposition group Z of P is generated by the complex conjugation j,
taking a conjugate of P if necessary. Then the field corresponding to Z is F
and #(Z0Gal(F0/Q)/Z) is the number of prime ideals of F lying above p.
By identifying Gal(F0/Q), j with the symmetric group S3 and a permuta-
tion (1, 2), respectively, it is easy to see #(Z0Gal(F0/Q)/Z)=2 and hence
p is a product of two prime ideals in F. L
Lemma 1.2. Let m, n be natural numbers and set L=F(zm). Then a
polynomial xn− e is irreducible over L.
Proof. We have only to show that if q is a prime divisor of n, then
e ¨ Lq and that if 4 divides n, then −4e ¨ L4. Suppose that e ¥ Lq for an odd
prime number q; then there is an element a in L such that e=aq. Since L/F
is abelian, F(a)/F is also abelian. Because e is a fundamental unit of F,
a ¨ F and hence F(a) ] F. Any conjugate of a over F is of ga for some qth
root g of unity. Since F(a)/F is a non-trivial Galois extension, there is a
primitive qth root zq of unity such that zq ¥ F(a) … L. Then there is an
integer a such that zaqa( ¥ L) is real and hence we may suppose that a is
real. By iterating the above, we obtain a contradiction zq ¥ F(a) … R. Next,
we suppose `e ¥ L. Because of F 5Q(zm)=Q, Gal(L/F)=Gal(F(zm)/F)
5 Gal(Q(zm)/Q) holds. Since F(`e) is quadratic over F, there is a square-
free integer t such that F(`e)=F·Q(`t)=F(`t). Hence we have
`t=b `e for some b ¥ F, and then
tOF=(bOF)2. (1)
It implies that if p is a prime divisor of t, then p ramifies in F, and
so (p)=p3 or p1p
2
2 in F. This contradicts (1). Hence t coincides −1 and
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hence we get a contradiction `−1 ¥ F(`e). Hence we have `e ¨ L. Last,
suppose −4e ¥ L4 and take an element b ¥ L such that −4e=b4. Since
L/F is abelian, F(b)/F is also abelian. If [F(b) : F]=1, then b ¥ F … R
implies a contradiction 0 < b4=−4e < 0. Suppose [F(b) : F]=2; since F ]
F(`−4e) … F(b), we have F(`−4e)=F(b). Writing b=u+v `−4e
(u, v ¥ F), we have ±`−4e=b2=u2−4ev2+2uv `−4e and hence u2−
4ev2=0. This means e=(u/2v)2 ¥ F2, which is a contradiction. Suppose
[F(b) : F]=4; since F(b)/F is abelian, F(b) ¦`−1 follows. If F(`−4e)
=F(`−1), then `−4e/`−1 ¥ F follows, which implies the contradic-
tion `e ¥ F. If F(`−4e) ] F(`−1), then F( 4` −4e) and F(`−1,
`−4e) coincide and then 4` −4e/`−1 ¥ F(`−4e) follows. Setting
4` −4e/`−1=a+`−4e b (a, b ¥ F), we get a2−4eb2=0, which yields a
contradiction that e is a square in F. L
Lemma 1.3. Let n be a natural number and suppose that Q(h)/Q is an
abelian extension. Then we have F( n` e) 5Qab=Q and F( n` e , h) 5
Qab=Q(h).
Proof. Let m be a natural number. By Lemma 1.2, we have
[F( n` e) : F( n` e) 5Q(zm)]=[F( n` e, zm) : Q(zm)]
=[F( n` e, zm) : F(zm)][F(zm) : Q(zm)]
=n[F : F 5Q(zm)]=3n.
On the other hand, [F( n` e) : Q]=[F( n` e) : F][F : Q]=3n follows also
from Lemma 1.2. Thus we have F( n` e) 5Q(zm)=Q for any natural
number m, and hence F( n` e) 5Qab=Q. By Lemma 1.2, xn− e is
irreducible over F(h), and then we have
[F(h, n` e) : Q]=[F(h, n` e) : F(h)][F(h) : Q(h)][Q(h) : Q]
=3n[Q(h) : Q].
On the other hand, denoting the maximal abelian subfield of F(h, n` e) by
K, we have F( n` e) 5K=Q as above and since F(h, n` e) is a composite of
F( n` e) and K, we have [F(h, n` e) : Q]=[F( n` e) : Q][K : Q]=3n[K : Q],
which yields [K : Q]=[Q(h) : Q] and hence K=Q(h). L
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The following is due to [H].
Lemma 1.4. We have
[(O×F0 : Oroots of unity in F0, e, eŒ, e¯ ŒP]=1 or 3.
Proof. Let s ¥ Gal(F0/Q) be of order 3 such that eŒ=s(e), e¯ Œ=s2(e).
For fundamental units g1, g2 of F0, there are integers a1, a2, b1, b2 so that
e=d1g
a1
1 g
a2
2 , eŒ=d2gb11 gb22 ,
where d1, d2 are roots of unity in F0. We have only to |a1b2−a2b1 |=1
or 3. Because of
R log |e|2 log |eŒ|2
log |eŒ|2 log |e¯ Œ|2
S=Ra1 a2
b1 b2
S R log |g1 |2 log |s(g1)|2
log |g2 |2 log |s(g2)|2
S ,
we have
log |e|2 log |e¯ Œ|2− log |eŒ|2 log |eŒ|2
=(a1b2−a2b1)(log |g1 |2 log |s(g2)|2− log |s(g1)|2 log |g2 |2).
The left-hand side is equal to −3(log e)2 by e |eŒ|2=1. For g ¥ O×F0 , |g|2 is a
real positive unit of F0 and hence is in F. Therefore we have |g|2=en for
some integer n. Thus log |g1 |2 log |s(g2)|2− log |s(g1)|2 log |g2 |2 is equal to
m(log e)2 for some integerm.Finally we have obtained −3=(a1b2−a2b1) m,
which yields our assertion. L
Lemma 1.5. Let n be a natural number. Then we have:
(i) If p | n and p ] 3 for a prime number p, then p`eŒ ¨ F0(z2n, n` e).
(ii) If 4 | n, then 4` −4eŒ ¨ F0(z2n, n` e).
(iii) If 9 | n, then 9` eŒ ¨ F0(z2n, n` e).
Proof. Suppose that for a prime number p(] 3) with p | n, p`eŒ ¥
F0(z2n, n` e) holds. By Lemma 1.2, F0(z2n, p`eŒ) and F0(z2n, p`e) are cyclic
extensions of F0(z2n) of degree p in F0(z2n, n` e) which is also cyclic over
F0(z2n). Hence F0(z2n, p`e) and F0(z2n, p`eŒ) coincide. Thus we have w :=
p`eŒ/p`e a ¥ F0(z2n) for some integer a. Suppose w ¥ F0; then wp=eŒe−a ¥ O×F0
holds and Lemma 1.4 yields w=debeŒc for a root d of unity in F0
and integers b, c. Therefore we have dpepbeŒpc=eŒe−a and hence from the
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multiplicative independence of e, eŒ follows a contradiction pc=1. Hence
we have w ¨ F0 and therefore xp− eŒe−a is irreducible over F0 since p is a
prime number. Thus we have [F0(w) : F0]=p, and from F0(z2n) ‡
F0(w) ‡ F0 follows that F0(w)/F0 is an abelian extension of degree p.
Hence F0(w) contains a conjugate zpw of w over F0 and zp, too, and then
p=[F0(w) : F0]=[F0(w) : F0(zp)][F0(zp) : F0]
implies [F0(zp) : F0]=1, which implies zp ¥ F0 and so p=2 and we
conclude `eŒ/`e ¥ F0(z2n). Since F0(z2n)/Q is a Galois extension and
e−1/eŒ2=e¯ Œ/eŒ is a conjugate of eŒ/e, `e ¥ F0(z2n) holds. It contradicts
Lemma 1.2. Thus we have shown (i).
Next suppose 4 | n and 4` −4eŒ ¥ F0(z2n, n` e); then `−4eŒ ¥ F0(z2n, n` e)
and `eŒ ¥ F0(z2n, n` e) hold. It contradicts (i) for p=2.
Last suppose 9 | n and 9` eŒ ¥ F0(z2n, n` e). By Lemma 1.2, F0(z2n, 9` e),
F0(z2n, 9` eŒ) and F0(z2n, n` e) are cyclic extensions of degree 9, 9 and n over
F0(z2n), respectively. Hence we get F0(z2n, 9` eŒ)=F0(z2n, 9` e) and there
exists an integer a such that 9` eŒ/ 9` ea ¥ F0(z2n). If a — −1 mod 3, then
3` eŒ/ 3` e
−1
= 3` eŒ 3` e=1/ 3` e¯ Œ ¥ F0(z2n) follows. It contradicts Lemma 1.2.
Thus we may assume a=1, 4 or 7. Suppose a=1; then 9` eŒ/ 9` e and the
complex conjugation 9` e¯ Œ/ 9` e are in F0(z2n) and then F0(z2n) ¦ 9` eŒ/ 9` e ·
9` e¯ Œ/ 9` e=1/ 3` e , which contradicts Lemma 1.2. Suppose a=4. Since e/e¯ Œ4
and hence e/eŒ4 is a conjugate of eŒ/e4, we have 9` e/eŒ4 ¥ F0(z2n) and then
3` e¯ Œ= 3` eeŒ
−1
= 9` eŒ/e4 · 9` e/eŒ4 ¥ F0(z2n), which is a contradiction, too. The
assumption a=7 implies 3` e/e=e/ 3` e 5=e 9` 1/e15=e 9` eŒ/e7 · 9` eŒ/e7 ¥
F0(z2n), which is a contradiction. L
Lemma 1.6. If F is pure cubic and x3− eŒ is irreducible over F0( 3` e), then
K(3) 5Qab=Q(W) holds for W :=(1+ee¯ Œ+e) 3` eŒ/e and [Q(W) : Q]=6,
Q(W) ¦ z3.
Proof. Take r ¥ Gal(K(3)/Q) so that r(e)=eŒ and r2(e)=e¯ Œ. Since F
is pure cubic, Q(`d)=Q(z3) holds and r(z3)=z3 is valid, since the
order of r|F0 is 3. The assumption implies Gal(K(3)/F0) 5 (Z/3Z)
2. We
define oa, b ¥ Gal(K(3)/F0) by oa, b( 3` e)=za3 3` e , oa, b(r( 3` e))=zb3r( 3` e);
then Gal(K(3)/Q) is generated by oa, b, r, j, where j means the complex
conjugation. We assume 3` e is a real number and normalize r so that
3` e r( 3` e) r2( 3` e)=1. It can be done as follows: Suppose 3` e r( 3` e) r2( 3` e)
=ze3 and set rŒ=oe, 0r; then
rŒ( 3` e)=r( 3` e)
324 YOSHIYUKI KITAOKA
and
rŒ2( 3` e)=oe, 0(r2( 3` e))=oe, 0(ze3 3` e
−1
r( 3` e)−1)=z−e3 r
2( 3` e).
Hence we have
3` e rŒ( 3` e) rŒ2( 3` e)= 3` e r( 3` e) z−e3 r2( 3` e)=1.
Now we redefine oa, b subject to the new r. Then we have
3` e r( 3` e) r2( 3` e)=1, 3` e r( 3` e) j(r( 3` e))=1,
where the second follows from the fact the left-hand side is a real positive
third root of unity. Now we show
o−1a, br
−1oa, br=ob−a, b−a, o
−1
a, bj
−1oa, b j=oa, a, r−1jrj=r.
oa, br( 3` e)=z
b
3r( 3` e)=rob, 2b−a( 3` e) is obvious. Then
oa, br(r( 3` e))=oa, b( 3` e
−1
r( 3` e)−1)
=z−a−b3 3` e
−1
r( 3` e)−1=z−a−b3 r
2( 3` e)
and rob, 2b−a(r( 3` e))=z
2b−a
3 r
2( 3` e)=z−a−b3 r
2( 3` e) imply oa, br=rob, 2b−a,
which means the first equation. Next we have
o−1a, bjoa, b j( 3` e)=o
−1
a, bj(z
a
3
3` e)=z−a3 o
−1
a, b( 3` e)=z
a
3
3` e=oa, a( 3` e),
and
o−1a, bjoa, b j(r( 3` e))=o
−1
a, bjoa, b( 3` e
−1
r( 3` e)−1)=o−1a, bj(z
−a−b
3
3` e
−1
r( 3` e)−1)
=za+b3 o
−1
a, b( 3` e
−1
jr( 3` e)−1)=za+b3 o
−1
a, b(r( 3` e))
=za3r( 3` e)=oa, a(r( 3` e)).
Hence the second equation holds. Last we see
r−1jrj( 3` e)=r−1jr( 3` e)=r−1( 3` e
−1
r( 3` e)−1)=(r−1( 3` e) 3` e)−1=r( 3` e)
and
r−1jrj(r( 3` e))=r−1jr( 3` e
−1
r( 3` e)−1)
=r−1j(r( 3` e) r2( 3` e))−1=r−1j( 3` e)=r2( 3` e).
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Here r3=id. follows from
r3( 3` e)=r( 3` e r( 3` e))−1=(r( 3` e) r2( 3` e))−1= 3` e
and then r3(r( 3` e))=r( 3` e). Hence the commutator group [G, G] for the
Galois group G=Gal(K(3)/Q) is generated by oa, a (a=±1), r. Since oa, a
and r is commutative, we have #[G, G]=32, and hence the degree of the
maximal abelian subfield of K(3) is 6. We take r( 3` e)/ 3` e as a third root
of eŒ/e. The assertion of the lemma does not depend on this choice. If
W=0, then 1+er2(e)+e=0 and hence r2(e)=−e/(1+e) holds. But it is a
contradiction since r2(e) is not real. Next let us see that [G, G] fixes W.
r(W)=(1+r(e) e+r(e)) r2( 3` e)/r( 3` e)
=(1+r(e) e+r(e)) r(e)−1 r( 3` e)/ 3` e
=(er2(e)+e+1) r( 3` e)/ 3` e=W.
oa, a(W)=W is obvious. Hence we have Q(W) …K(3) 5Qab, and hence
Q(W)/Q is abelian. On the other hand, o0, 1(W)=z3W implies [Q(W) : Q]
\ 3. Since Q(W)/Q is abelian, we have Q(W) ¦ o0, 1(W)=z3W and hence
Q(W) ¦ z3, which yields that [Q(W) : Q] is even and hence [Q(W) : Q] \ 6.
By virtue of [K(3) 5Qab : Q]=6, we have [Q(W) : Q]=6. L
Remark. W is a root of
x6−(9+6a+6b+ab) x3+(3+a+b)3=0,
where a :=trF/Qe, b :=trF/Qe−1.
Lemma 1.7. The following three assertions are equivalent.
(i) x3− eŒ is reducible over F0( 3` e).
(ii) x3− eŒ is reducible over F0(z3, 3` e).
(iii) x3− eŒ/e is reducible over F0.
Proof. The assertion (ii) follows obviously from (i). Let us show
(ii)S (iii). Suppose (ii); then Lemma 1.2 yields that F0(z3, 3` eŒ) …
F0(z3, 3` e) are extensions of degree 3 over F0(z3) and hence they coincide.
Take an integer a (=±1) so that 3` eŒ=`e af, f ¥ F0(z3). If a=−1, then
f= 3` eŒ 3` e= 3` e¯ Œ
−1
implies 3` e¯ Œ ¥ F0(z3), which is a contradiction. Hence
we have a=1 and f3=eŒ/e. If z3 ¥ F0, then f is clearly in F0. If z3 ¨ F0, we
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write f=f1+`−3 f2 with fi ¥ F0. Since f3=f31−9f1f22+3 `−3
(f21f2−f
3
2) ¥ F0, we have f21f2−f32=0, i.e., f1=±f2 or f2=0. If f2=0,
then f=f1 ¥ F0 holds. If f2=df1 (d=±1), then f=(1+d `−3) f1 holds
and (1+d `−3)3=−8 implies, then eŒ/e=f3=(−2f1)3. The assertion
(iii) implies easily (i). L
Lemma 1.8. Let n be a natural number divisible by 3. Then the following
three assertions are equivalent.
(i) x3− eŒ is reducible over F0(z2n, n` e).
(ii) Either (ii.1) x3− eŒ is reducible over F0( 3` e) or
(ii.2) F is pure cubic, x3− eŒ is irreducible over F0( 3` e) and
W :=(1+ee¯ Œ+e) 3` eŒ/e ¥Q(z2n).
(iii) x3− eŒ is reducible over F0(z2n, 3` e).
Proof. (ii)S (iii) and (iii)S (i) are clear. We show (i)S (ii). Suppose
(i); then F0(z2n, 3` e) and F0(z2n, 3` eŒ) are subfields of degree 3 of a cyclic
extension F0(z2n, n` e)/F0(z2n) and hence they coincide. As in the proof of
Lemma 1.7, we have
3` eŒ/ 3` e ¥ F0(z2n).
Suppose that x3− eŒ is irreducible over F0( 3` e). Setting w :=eŒ/e, we have
3` w ¥ F0(z2n) by the above. Since F0(z2n)/F0 is abelian, F0( 3` w)/F0 is also
abelian and [F0( 3` w) : F0]=3 by Lemma 1.7. Hence z3 ¥ F0( 3` w) holds,
and then we have
3=[F0( 3` w) : F0]=[F0( 3` w) : F0(z3)][F0(z3) : F0],
which implies [F0(z3) : F0]=1, i.e., z3 ¥ F0, which implies Q(`d)=Q(z3).
From it follows that F is pure cubic. 3` w ¥ F0(z2n) implies W ¥ F0(z2n).
Since Q(W) ¥Qab by Lemma 1.6, we have Q(W) ¥ F0(z2n) 5Qab=
Q(`d, z2n)=Q(z2n). Thus we have (ii.2). L
Lemma 1.9. For a natural number m, [K(m) : F0(z2m)] is equal to m2/3
if 3 | m and x3− eŒ is reducible over F0(z2m, m` e), and to m2, otherwise.
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Proof. First, we recall that xm− eŒ is irreducible over F0(z2m, m` e) if and
only if eŒ is not a pth power element in F0(z2m, m` e) for any prime divisor p
of m and −4eŒ is not a fourth power element if 4 | m. By
Lemma 1.5, xm− eŒ is reducible over F0(z2m, m` e) if and only if (i) 3 | m and
3` eŒ ¥ F0(z2m, m` e), or (ii) 4 | m and 4` −4eŒ ¥ F0(z2m, m` e). Part (ii) contra-
dicts (ii) in Lemma 1.5. Hence xm− eŒ is reducible over F0(z2m, m` e) if and
only if 3 | m and 3` eŒ ¥ F0(z2m, m` e) and then (iii) in Lemma 1.5 implies that
x3− 3` eŒ is irreducible over F0(z2m, m` e), which completes the proof with
Lemma 1.2. L
Lemma 1.10. For a natural number m, we set
d1(m) :=˛1 if 3 | m and x3− eŒ is reducible over F0(z2m, m` e),
3 otherwise,
d2(m) :=˛1 if `d ¥Q(z2m),
2 otherwise.
Then we have
[K(m) : Q]=m2j(2m) d1(m) d2(m),
where j is Euler’s function. If m, n are relatively prime natural numbers, then
we have
[K(m) 5K(n) : F0]=
[K(m) : Q][K(n) : Q]
6[K(mn) : Q]
=
d1(m) d1(n) d2(m) d2(n)
6d1(mn) d2(mn)
.
Proof. It is easy to see
[K(m) : Q]=[K(m) : F0(z2m)][F0(z2m) : Q]
=m2/3 ·d1(m) · 3[Q(`d, z2m) : Q]=m2j(2m) d1(m) d2(m).
Since K(m) K(n)=K(mn) if (m, n)=1, we have
[K(mn) : Q]=
[K(m) : Q][K(n) : Q]
[K(m) 5K(n) : Q] =
[K(m) : Q][K(n) : Q]
6[K(m) 5K(n) : F0]
,
which completes the proof. L
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Lemma 1.11. Let m, n be relatively prime natural numbers with 3 h n.
(1) [K(m) 5K(n) : F0] divides 6.
(2) [K(m) 5K(n) : F0] — 0 mod 3 if and only if F is pure cubic,
3 | m, x3− eŒ is irreducible over F0( 3` e), W ¨Q(z2m) and W ¥Q(z2mn) hold.
(3) [K(m) 5K(n) : F0] — 0 mod 2 if and only if d2(m)=d2(n)=2
and d2(mn)=1.
(4) When d2(mn)=1, i.e., d˜ | 2mn, we decompose d˜ as d˜=
ab (a | 2m, b | 2n), where a, b are 1 or discriminants of quadratic fields.
Then the condition [K(m) 5K(n) : F0] — 0 mod 2 is equivalent to a ] 1,
b ] 1 and then we have K(m) 5K(n) ‡ F0(`a) ] F0.
(5) (n, 6d)=1 implies K(m) 5K(n)=F0 and [K(mn) : Q]=
6−1[K(m) : Q][K(n) : Q].
Proof. By the previous lemma and 3 h n, we have
[K(m) 5K(n) : F0]=
d1(m)
d1(mn)
·
d2(m) d2(n)
2d2(mn)
.
Therefore [K(m) 5K(n) : F0] divides 6, which is the assertion (1).
[K(m) 5K(n) : F0] is divisible by 3 if and only if d1(m)=3 and
d1(mn)=1. d1(m)=3 holds if and only if (i) 3 h m or (ii) 3 | m and x3− eŒ is
irreducible over F0(z2m, m` e). d1(mn)=1 holds if and only if (iii) 3 | mn and
(iv) x3− eŒ is reducible over F0(z2mn, mn` e). Suppose [K(m) 5K(n) : F0]
— 0 mod 3; then 3 | mn and 3 h n imply 3 | m. Hence the condition (ii) must
happen. Then the condition (iv) implies, by Lemma 1.8 that F is pure cubic
and x3− eŒ is irreducible over F0( 3` e) and W ¥Q(z2mn). If W ¥Q(z2m), then
from Lemma 1.8 follows 3` eŒ ¥ F0(z2m, m` e), which contradicts (ii). Thus we
have shown the ‘‘only if ’’ part of (2). The converse is easy. It is obvious
that [K(m) 5K(n) : F0] — 0 mod 2 if and only if d2(m)=d2(n)=2 and
d2(mn)=1, which is the assertion (3). Suppose d2(mn)=1, i.e., d˜ | 2mn and
write d˜=ab as in the assertion (4). Suppose d2(m)=d2(n)=2; then a ] 1
and b ] 1 are easy to see, and `a ¥Q(z2m) …K(m) and `a=`d˜/`b ¥
F0(z2n) …K(n) hold and then we have `a ¥K(m) 5K(n). If F0(`a)=F0,
then Q(`a)=Q(`d) holds, which contradicts b ] 1. To complete the
assertion 4), we show that a ] 1 and b ] 1 imply d2(m)=d2(n)=2. Assume
d2(m)=1, i.e., d˜ | 2m. Let p be an odd prime divisor of b; then p divides 2m
and 2n, which contradicts (m, n)=1. Thus |b| is a power of 2 and hence
4 | b | 2n. Therefore we have 2 | n and so 2 h m, which is a contradiction by
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virtue of 4 | b | d˜ | 2m. Similarly, we have d2(n)=2. Let us prove the last
assertion. Suppose (n, 6d)=1. Assume [K(m) 5K(n) : F0] — 0 mod 3.
Since W ¥K(3) by definition in Lemma 1.6, prime divisors of the conductor
of an abelian field Q(W) divide 6d. Hence Q(W) …Q(z2mn) implies
Q(W) …Q(z2m), which is a contradiction in the assertion (2). If [K(m) 5
K(n) : F0] — 0 mod 2, then for b in (4), b | (2n, d˜) | (2n, 6d)=2 implies
b=1, which contradicts [K(m) 5K(n) : F0] — 0 mod 2. Thus we have
([K(m) 5K(n) : F0], 6)=1 and hence K(m) 5K(n)=F0. L
Lemma 1.12. Let n be a natural number with 3 h n. Then [K(3) 5
K(n) : F0] — 0 mod 3 if and only if F is pure cubic, x3− eŒ is irreducible over
F0( 3` e) and Q(W) …Q(z6n). And moreover it is equivalent to K(3) 5K(n) ‡
F0(W) ‡ F0 with [F0(W) : F0]=3.
Proof. We use the assertion (2) of Lemma 1.11. By Lemma 1.6, the
condition Q(W)^ …Q(z6) is automatically excluded, since [Q(W) : Q]=6. It
implies the first equivalence. Suppose [K(3) 5K(n) : F0] — 0 mod 3; then
K(n) contains z3 since F is pure cubic. Hence K(n)=F0(z2n, n` e , n` eŒ) ‡
Q(z6n) ‡Q(W) holds and then K(3) 5K(n) ‡ F0(W). It is easy to see
[F0(W) : F0]=6−1[F0(W) : Q]=6−1[F : Q][Q(W) : Q]=3 by Lemma 1.6.
Therefore the assertion is clear. L
Lemma 1.13. Let p be a prime ideal of F of degree f and lying above an
odd prime number p and let n be a natural number. Then n | I(p) holds if and
only if pf — 1 mod 2n and xn=e has a root in Fp.
Proof. By virtue of p ] 2, we have 1 – −1 mod p and hence #E(p) is
even. Set #E(p)=2r. Suppose n | I(p); then n divides (pf−1)/(2r), which
implies pf — 1 mod 2n. Take a generator a ¥ OF of the group (OF/p)× and
write e — aa mod p. Then 1 — e2r — a2ra mod p yields 2ra=(pf−1) t for
some integer t. Writing (pf−1)/(2r)=nu for an integer u, we get a=nut
and hence e — (aut)n mod p. Since n and p are relatively prime, xn=e has a
root in Fp. Conversely we assume pf — 1 mod 2n and xn=e has a root
in Fp. Then there exists an element b ¥ OF such that bn — e mod p, and write
b — am mod p. The order of e mod p in (OF/p)× is r or 2r. First, suppose
that it is equal to r. If r is even, then e r/2 — −1 mod p yields that E(p) is
generated by e mod p and hence #E(p)=r which contradicts the definition
of r. Hence r is odd. e — amn mod p implies pf−1 | mnr and we can write
mnr=w(pf−1). If an integer q divides r and w, then e r/q — 1 mod p
follows, which is a contradiction, and so we have (r, w)=1. On the other
hand, 2n divides pf−1 and it means that m/2 · r=w·(pf−1)/(2n) is an
integer. From (r, w)=1 follows that r | (pf−1)/(2n), i.e., n | I(p). Second,
suppose that the order of e mod p in (OF/p)× is equal to 2r. e — amn mod p
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implies pf−1 | 2mnr and write 2mnr=u(pf−1) for an integer u. Similarly
to the above, (r, u)=1 holds, and mr=u· (pf−1)/(2n) yields that
(pf−1)/(2nr) is an integer, which is equivalent to n | I(p). L
2. PRIME IDEALS OF DEGREE 1
For a positive number x, we denote by P(1, 1, 1)(x) the set of prime ideals
p of degree 1 of F such that for a prime number p lying below p, p is odd,
less than x, unramified in F0 and completely decomposable in F. P(1, 2)(x)
stands for the set of prime ideals p of degree 1 of F such that, for a prime
number p lying below p, p is odd, less than x, unramified in F0 and p=pq
for a prime ideal q of degree 2 in F. Throughout this section, we abbreviate
P(1, 1, 1)(x) and P(1, 2)(x) to P(x), and F0(z2n, n` e) to Fn for a natural
number n.
Proposition 2.1. Let n be a natural number and p a prime ideal in P(x)
such that p is unramified in Fn. Let P be a prime ideal lying above p of Fn
and set r=((Fn/F)/P) (the Frobenius automorphism). Then we have
n | I(p) and p ¥ P(1, 1, 1)(x) if and only if r=id. holds, and we have n | I(p)
and p ¥ P(1, 2)(x) if and only if [Fn : F(z2n, n` e)]=2 and r is the non-trivial
automorphism of Gal(Fn/F(z2n, n` e)).
Proof. Let p be a prime number lying below p. From Lemma 1.13
follows that n | I(p) if and only if p — 1 mod 2n and xn=e has a root in Fp.
First, suppose n | I(p) and p ¥ P(1, 1, 1)(x); then Lemma 1.1 yields that
p decomposes in Q(`d) and hence p — 1 mod 2n implies r=id. on
Q(z2n, `d). The closure of F(z2n, `d) in (Fn)P is Qp, and xn− e is comple-
tely decomposable over Fp since xn=e has a root in Fp and Fp( 5Qp)
contains zn. It means that (Fn)P 5Qp and hence r is the identity. If, con-
versely r is the identity, then (Fn)P 5Qp holds and so n | I(p). And the fact
that r is trivial on Q(`d) yields that p decomposes in Q(`d) and hence
that by Lemma 1.1 p is completely decomposable in F, because P 5 F is of
degree 1.
Next suppose n | I(p) and p ¥ P(1, 2)(x); then p remains prime in Q(`d)
by Lemma 1.1. Then (Fn)P=(F0(z2n, n` e))P is a unique unramified
quadratic extension of Qp and hence the order of r is two and r acts tri-
vially on F(z2n, n` e). Thus Gal(Fn/F(z2n, n` e)) consists of id. and r. If,
conversely it is the case, then the closure of F(z2n, n` e) in (Fn)P is iso-
morphic to Qp and hence we have n | I(p). Since r(`d)=−`d , p is the
product of p and a prime ideal of degree 2 in F and hence p ¥ P(1, 2)(x). L
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Lemma 2.1. We have
[Fn : F]=˛nj(2n) if `d ¥Q(z2n),
2nj(2n) if `d ¨Q(z2n).
Proof. It is easy to see
[Fn : Q]=[F(`d, z2n, n` e) : Q]
=[F(`d, z2n, n` e) : F(`d, z2n)][F(`d, z2n) : Q]
=3n[Q(`d, z2n) : Q].
It yields the assertion. L
Lemma 2.2. By denoting the discriminant of a field K by d(K), |d(Fn)|
divides
|d(F0)|nj(2n) n6nj(2n) |d(Q(z2n))|6n.
Proof. This follows easily from the theory of discriminants. L
For a positive numbers x, g, g1, g2 and a natural number n, we set
N(x) :=#{p ¥ P(x) | I(p)=1},
N(x, g) :=#{p ¥ P(x) | q h I(p) for -q [ g},
M(x, g1, g2) :=#{p ¥ P(x) | q | I(p) for g1 < ,q [ g2},
P(x, n) :=#{p ¥ P(x) | n | I(p)},
where q stands for prime numbers, and moreover set
t1 :=6−1 log x, t2 :=`x (log x)−2, t3 :=`x log x.
By the definition, we have
N(x, t1)−M(x, t1, x) [N(x) [N(x, t1),
and hence N(x)=N(x, t1)+O(M(x, t1, x)) and
M(x, t1, x) [M(x, t1, t2)+M(x, t2, t3)+M(x, t3, x).
We follow a method of Hooley [Ho] to obtain an asymptotic formula for
N(x).
Lemma 2.3. M(x, t3, x)=O(x(log x)−2).
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Proof. Let p ¥ P(x) and suppose that a prime number q satisfies
t3 < q [ x and q | I(p). Denoting a prime number lying below p by p, we
have q | (p−1)/#E(p) and hence #E(p) | (p−1)/q. It yields e (p−1)/q
— 1 mod p and so NF/Q(e (p−1)/q−1) — 0 mod p. Noting (p−1)/q [ x/
(`x log x)=`x (log x)−1, we see
2M(x, t3, x) <D p < D
1 [ m <`x (log x) −1
|NF/Q(em−1)|,
where p denotes prime numbers which contribute to M(x, t3, x). Since we
have |NF/Q(em−1)|=|em−1| |eŒm−1| |e¯ Œm−1| [ 4em by |eŒ|2=e−1 < 1, we get
M(x, t3, x) log 2 [ C
1 [ m <`x (log x) −1
(log 4+m log e)=O(x(log x)−2). L
Lemma 2.4. M(x, t2, t3)=O(x log log x/(log x)2).
Proof. For a prime ideal p contributing to M(x, t2, t3), there is a prime
number q such that t2 < q [ t3 and q | I(p) | p−1. Hence we have
M(x, t2, t3)[ 3 C
t2 < q[ t3
#{prime numbers p such that p— 1mod q and p[ x }
=O(x log log x/(log x)2)
as in [Ho]. L
Lemma 2.5. M(x, t1, t2) [;t1 < q [ t2 P(x, q), where q stands for prime
numbers.
Proof. It is clear. L
Lemma 2.6. N(x, t1)=;n | Q(t1) m(n) P(x, n), where Q(t1)=<q [ t1 q
(q denotes prime numbers).
The proof is quite similar as in the Introduction.
Summing up, we have
N(x)= C
n | Q(t1)
m(n) P(x, n)+O 1 C
t1 < q [ t2
P(x, q))+O(x log log x/(log x)22 .
Now we define the conjugacy class Cn of Gal(Fn/F) with #Cn [ 1 such
that Cn={id.} if P(x)=P(1, 1, 1)(x), and Cn={the non-trivial automor-
phism in Gal(Fn/F(z2n, n` e))} if P(x)=P(1, 2)(x) and [Fn : F(z2n, n` e)]=2,
and Cn is empty if P(x)=P(1, 2) and Fn=F(z2n, n` e). Then we have
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Lemma 2.7. |P(x, n)−pCn (x, Fn/F)|=O(`x/log x+w(n)), where w(n)
is the number of prime divisors of n.
Proof. By virtue of Proposition 2.1, we have only to remark that the
number of prime ideals ramified in Fn/F is O(w(n)) and the number of
prime ideals p of degree \ 2 and NF/Q(p) [ x is O(`x/log x) by the prime
number theorem. L
Lemma 2.8. We have
C
n | Q(t1)
m(n) P(x, n)= C
n | Q(t1)
m(n) pCn (x, Fn/F)+O(x log log x/(log x)
2),
C
t1 < q [ t2
P(x, q)= C
t1 < q [ t2
pCq (x, Fq/F)+O(x log log x/(log x)
2),
where q stands for prime numbers.
Proof. We have only to show that
`x (log x)−1 C
n | Q(t1)
1, C
n | Q(t1)
w(n), `x (log x)−1 C
t1 < q [ t2
1, and C
t1 < q [ t2
w(q)
are estimated by O(x log log x/(log x)2). It is easy to see, by using
p(t1) < 12t1/log t1 for the counting function p of prime numbers
C
n | Q(t1)
1=2p(t1) < 212t1/log t1
=22 log x/log(6
−1 log x) < x0.1
for a sufficiently large x, and hence we have
`x (log x)−1 C
n | Q(t1)
1 < x0.6(log x)−1=O(x log log x/(log)2).
Second, we see
C
n | Q(t1)
w(n)= C
n | Q(t1)
C
p | n
1= C
p | Q(t1)
C
p | n, n | Q(t1)
1
= C
p [ t1
y(Q(t1)/p)=y(Q(t1)/2) p(t1),
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where p denotes prime numbers and y(n) is the number of positive divisors
of n. Therefore, we have
C
n | Q(t1)
w(n)=O(212t1/log t1 · 12t1/log t1)=O(x0.1)
for a sufficiently large x. Thus ;n | Q(t1) w(n)=O(x log log x/(log x)2) holds
for a sufficiently large x. Since ;t1 < q [ t21 < t2=`x (log x)−2, we have the
required estimate for the third, and similarly for the fourth because of
w(q)=1 for prime numbers q. L
Thus we have
N(x)= C
n | Q(t1)
m(n) pCn (x, Fn/F)
+O 1 C
t1 < q [ t2
pCq (x, Fq/F)2+O(x log log x/(log x)2).
Now we apply the Chebotarev density theorem under the GRH [LO, S].
Theorem. Let E/K be a Galois extension and C a subset of Gal(E/K)
which is a union of conjugacy classes. Then we have, under the GRH for the
Dedekind zeta function for E
:pC(x, E/K)− #C[E : K] Li(x) : < c #C `x[E : K] (log |d(E)|+[E : Q] log x),
where d(E) is the discriminant of E and c is an absolute constant.
Lemma 2.9. Under the GRH, we have
C
t1 < q [ t2
pCq (x, Fq/F)=O(x log log x/(log x)
2),
where q stands for prime numbers.
Proof. We have only to show that
1 C
t1 < q [ t2
[Fq : F]−12 Li(x),
1 C
t1 < q [ t2
log |d(Fq)|
[Fq : F]
2 `x, 1 C
t1 < q [ t2
[Fq : Q]/[Fq : F]2 `x log x
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are bounded by O(x log log x/(log x)2). By virtue of Lemma 2.1, we see
C
t1 < q [ t2
[Fq : F]−1° C
t1 < q [ t2
1/q(q−1)° C
t1 < q [ t2
1/q2
< C
n \ t1
1/n2° F.
t1
x−2 dx=1/t1=6/log x
and then Li(x)/log(x)=O(x/(log x)2)=O(x log log x/(log x)2) gives the
estimate for the first. Lemma 2.2 yields
log |d(Fq)| [ q(q−1) log |d(F0)|+6q(q−1) log q
+6q(q−2) log q,
and hence we have
C
t1 < q [ t2
[Fq : F]−1 log |d(Fq)|° C
t1 < q [ t2
(log |d(F0)|+log q)
° log |d(F0)| ·
`x
(log x)2
+
`x
(log x)2
,
which gives the estimate for the second. Here we used a famous inequality
h(x)=;q [ x log q° x. The estimate for the third follows from [Fq : Q]/
[Fq : F]=3 and ;t1 < q [ t21° (`x/(log x)2)/log((`x/(log x)2)). L
Lemma 2.10. Under the GRH, we have
C
n | Q(t1)
m(n) pCn (x, Fn/F)=c0 Li(x)+O(x log log x/(log x)
2)
for c0 :=;n \ 1m(n) #Cn/[Fn : F].
Proof. By the Chebotarev density theorem, we find
C
n | Q(t1)
m(n) pCn (x, Fn/F)
= C
n | Q(t1)
m(n) #CnLi(x)
[Fn : F]
+O 1 C
n | Q(t1)
`x
[Fn : F]
(log |d(Fn)|+[Fn : Q] log x)2 .
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Since ;n | Q(t1)1=O(x0.1) as before, it is easy to see that the contributions of
the last term is O(x log log x/(log x)2). Next, for the second term we see
C
n | Q(t1)
log |d(Fn)|
[Fn : F]
° C
n | Q(t1)
[Fn : F]−1 (nj(2n) log |d(F0)|
+6nj(2n) log n+6n log |d(Q(z2n))|)
° C
n | Q(t1)
log n (by Lemma 2.1 and d(Q(z2n)) | (2n)j(2n))
< log Q(t1) C
n | Q(t1)
1.
Then log Q(t1)=;q [ t1 log q° t1=(log x)/6 and ;n | Q(t1)1 < x0.1 as above
yield the estimate O(x log log x/(log x)2) for the second. Last, we show
;n | Q(t1) m(n) #Cn/[Fn : F]=c0+O(1/log x), which completes the proof of
the lemma.
It is easy to see
C
n | Q(t1)
m(n) #Cn/[Fn : F]=c0+O 1C
m
1/[Fn : F]2 ,
where m runs over the set of integers such that one of prime divisors of m is
larger than t1. For such m’s, we have
C
m
1/[Fm : F]°C
m
1/mj(m) < C
n > t1
1/nj(n)
< C
n > t1
n−2 ·
n
j(n)
= C
n > t1
n−2D
p | n
(1−p−2)−1D
p | n
(1+p−1)
< z(2) C
n > t1
n−2 C
k | n
k−1° C
.
k=1
k−1 C
k | n, t1 < n
n−2
= C
.
k=1
k−1 C
a > t1/k
(ak)−2=C
.
k=1
k−3 C
a > t1/k
a−2
° C
.
k=1
k−3 · k/t1 ° 1/t1=6/log x,
which yields the desired inequality. L
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Remark. In the case of P(x)=P(1, 1, 1)(x),
P(x, 1)=#P(x)
=3 times the number of primes p which is less than or equal to x and
completely decomposable in F
=3 times the number of primes p which is less than or equal to x and
completely decomposable in F0
=1/2·Li(x)+error holds and so #C1/[F1 : F] should be 1/2.
Similarly, #P(1, 2)(x)= #{p [ x | (p)= p1p2}= #{p [ x | p remains prime
in Q(`d)}= 1/2 ·Li(x)+error forces #C1/[F1 : F]=1/2 again.
Theorem 2.1. Under the GRH, we have
N(x)=c0 Li(x)+O(x log log x/(log x)2),
where c0=;n \ 1 m(n) #Cn/[Fn : F] is positive.
Proof. The proof of the positivity of c0 remains.
The case of P(x)=P(1, 1, 1)(x).
From Lemma 2.1 follows
c0=C
.
n=1
m(n)/[Fn : F]
=C
n \ 1
d˜ | 2n
m(n)/nj(2n)+2−1 C
n \ 1
d˜ h 2n
m(n)/nj(2n)
=2−1 C
n \ 1
d˜ | 2n
m(n)/nj(2n)+2−1 C
n \ 1
m(n)/nj(2n).
Here we see
C
n \ 1
m(n)/nj(2n)= C
n : odd
m(n)/nj(n)+ C
n : even
m(n)/(n · 2j(n/2))
=(1−1/4) D
p ] 2
(1−1/p(p−1))=3/2 ·A,
where A :=<p(1−1/p(p−1))) is the Artin constant. Set
c1 :=C
n \ 1
d˜ | 2n
m(n)/nj(2n).
If 8 | d˜, then c1=0 is clear, and hence c0=3/4·A > 0.
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Suppose 4 || d˜; then we have
c1= C
m \ 1
d˜ | 4m
m(2m)/(2mj(4m))=−4−1 C
m : odd
d˜ | 4m
m(m)/mj(m)
=−4−1m(|d˜|/4)/(|d˜|/4 ·j(|d˜|/4)) ·D
p h d˜
(1−1/p(p−1)))
=−m(|d˜|/4)/(|d˜| j(|d˜|/4)) ·D
p | d˜
(p(p−1)/(p2−p−1)) ·A
=−m(|d˜|/4)/2 ·D
p | d˜
(p2−p−1)−1 ·A.
Hence we have c0=4−1(3−m(|d˜|/4)<p | d˜ (p2−p−1)−1) ·A > 0.
Suppose 2 h d˜; then we have
c1=C
d˜ | 2n
m(n)/nj(2n)=C
k \ 1
m(k |d˜|)/k |d˜| j(2k |d˜|)
=m(|d˜|)/|d˜| j(|d˜|) C
(k, d˜)=1
m(k)/kj(2k)
=m(|d˜|)/|d˜| j(|d˜|) 3 C
(k, 2d˜)=1
m(k)/kj(k)−4−1 C
(k, 2d˜)=1
m(k)/kj(k)4
=3/4 ·m(|d˜|)/|d˜| j(|d˜|) D
p h 2d˜
(1−1/p(p−1))
=3/2 ·m(|d˜|) D
p | 2d˜
(p2−p−1)−1 ·A.
Thus we have c0=3/4· (1+m(|d˜|)<p | 2d˜(p2−p−1)−1) ·A > 0.
The case of P(x)=P(1, 2)(x).
The condition [Fn : F(z2n, n` e)]=2 is equivalent to `d ¨ F(z2n, n` e),
which is equivalent to `d ¨Q(z2n), i.e., d˜ h 2n by Lemma 1.3. Thus in this
case
c0= C
n \ 1
d˜ h 2n
m(n)/[Fn : F]= C
n \ 1
d˜ h 2n
m(n)/2nj(2n)
=12 C
n \ 1
m(n)/nj(2n)− 12 C
n \ 1
d˜ | 2n
m(n)/nj(2n)
=34 A−
1
2 c1 > 0,
using the above evaluation of c1. L
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3. PRIME IDEALS OF DEGREE 2
In this and the next section, we study the prime ideals of degree 2 and 3,
respectively. However, we do not succeed to give the assertion analogous to
Theorem 2.1, but conjecture the positive density c0 explicitly.
Lemma 3.1. Let p be an odd prime number which is unramified in F0 and
remains prime in Q(`d). Let (p)=p1p2 be the decomposition in F with
prime ideals pi of degree i, and ri the order of e mod pi in (OF/pi)×. Then we
have
I(p1) | I(p2), I(p2) I(p1)−1 | p+1, (I(p2) I(p1)−1, I(p1)) | 2,
r1 | r2, r2 | (p+1) r1, #E(p1) | #E(p2).
Proof. Let P1 be a prime ideal of F0 lying above p1. Since p remains
prime in Q(`d), the degree of P1 is two and hence p1 remains prime in F0
and p2 decomposes in F0. Let j be the complex conjugation and r ¥
Gal(F0/Q) an automorphism of degree 3. Set P2 :=r(P1), P3 :=r2(P1);
then p2=P2P3. By virtue of j(p1)=p1, we have j(P1)=P1 and
j(P2)=P3. Since j is the Frobenius automorphism of P1, rjr−1 is one
for P2. Hence we have rjr−1(e) — ep modP2 and then e ·rjr−1(e)
— ep+1 modP2, which implies NF0/F(r
−1(e))=r−1(e) · jr−1(e) — r−1(e)p+1
modP1. Since NF0/F(r
−1(e)) is a positive unit of F and then it is a power of
e, we have NF0/F(r
−1(e)) r1 — 1 mod p1 by the definition of r1. Thus
r−1(e) (p+1) r1 — 1 modP1 and then e (p+1) r1 — 1 modP2 hold. Since p2 is the
ideal of F below P2, e (p+1) r1 — 1 mod p2 holds. It yields r2 | (p+1) r1. Next
let us see r1 | r2. Choose a generator a ¥ OF of (OF/p2)× and set
e — aa mod p2. Then e r2 — aar2 — 1 mod p2 implies ar2 — 0 mod p2−1 and set
ar2=u(p2−1) for an integer u. (u, r2)=1 is easy. Since e — aa modP3, we
have r(e) — r(a)a modP1 and hence
r(e) · jr(e) — (r(a) · jr(a))a modP1 —NF0/F(r(a))
a modP1.
On the other hand, we know NF/Q(e)=er(e) r2(e)=er(e) jr(e)=1 and
then e−1 —NF0/F(r(a))
a modP1. This yields e−r2 —NF0/F(r(a))
u(p2−1) mod p1
— 1 mod p1, and hence r1 | r2 holds. Set di=#E(pi)/ri (=1 or 2). If 2 | ri,
then e ri/2 — −1 mod pi and so di=1 hold. If 2 h ri, then en – −1 mod pi
for any integer n and so di=2. Thus 2 h ri is equivalent to di=2. By r1 | r2
above, d2=2 implies d1=2 and hence d1/d2 is an integer. Now we see that
I(p2)/I(p1)=(p2−1)/d2r2 ·d1r1/(p−1)=d1/d2 · (p+1) r1/r2
340 YOSHIYUKI KITAOKA
is an integer by r2 | (p+1) r1. Next, I(p2)/I(p1)=d1/d2 · (p+1)/(r2/r1)
divides p+1 if d1=d2. If d1 ] d2, then d1=2 and d2=1 hold and then r1 is
odd and r2 is even and so r2/2r1 is an integer. Hence I(p2)/I(p1)=
(p+1)/(r2/2r1) ¥ Z yields that I(p2)/I(p1) divides p+1. Hence #E(p2)/
#E(p1)=(p+1) I(p1)/I(p2) is an integer. Lastly, (I(p2)/I(p1), I(p1))
divides (p+1, p−1)=2. L
Lemma 3.2. Assumptions and notations being as in Lemma 3.1, r1 is even
if and only if I(p2)/I(p1) is odd.
Proof. We use the notations of the proof of the previous lemma. First,
suppose I(p2)/I(p1) is odd. We show #E(p2)=r2. If r2 is odd, then
#E(p2)=2r2 — 2 mod 4,which contradicts#E(p2)=(p+1)/(I(p2)/I(p1)) ·
#E(p1) — 0 mod 4. Hence r2 is even and then #E(p2)=r2. If r1 is odd,
then #E(p1)=2r1 holds and
I(p2)/I(p1)=(p+1) #E(p1)/#E(p2)=(p+1) 2r1/r2 — 0 mod 2
by Lemma 3.1, which contradicts the assumption. Thus r1 is even.
Conversely, suppose that I(p2)/I(p1) is even. It yields
#E(p2) | (p+1) #E(p1)/2
S e (p+1) #E(p1)/2 — 1 mod p2
S e (p+1) #E(p1)/2 — 1 modP2 S (e ·rjr−1(e))#E(p1)/2 — 1 modP2
S r(e)#E(p1)/2 — 1 modP2 ( by rjr−1(e)=r2(e), er(e) r2(e)=1)
S e#E(p1)/2 — 1 modP1 S e#E(p1)/2 — 1 mod p1.
Hence #E(p1) ] r1 holds and then r1 is odd. L
Proposition 3.1. Assumptions and notations being as in Lemma 3.1, let
n be a natural number. nI(p1) | I(p2) implies n | p+1 , and under the assump-
tion n | p+1, we have
nI(p1) | I(p2)Z ˛n | I(p2) if 2 h n or 4 | n,2ord2((p−1)/2)n | I(p2) if 2 || n,
where a :=ord2 m is defined by 2a || m.
Proof. The first assertion follows from Lemma 3.1. Hereafter we
suppose n | p+1. First suppose that 2 h n or 4 | n. We have only to prove
that n | I(p2) implies nI(p1) | I(p2). Suppose n | I(p2). By virtue of n | p+1,
we have (n, p−1)=1 or 2. If n is odd, then (n, p−1)=1 holds and then
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(n, I(p1))=1. Since n | I(p2) and I(p1) | I(p2) by Lemma 3.1, we obtain
nI(p1) | I(p2). If 4 | n, then (n, p−1)=2 and so (n/2, (p−1)/2)=1. Hence
(p−1)/2=I(p1) ·#E(p1)/2 is odd and so is I(p1). It implies (n, I(p1))=1
by I(p1) | p−1 and then nI(p1) | I(p2) holds. Next suppose 2 || n. If
nI(p1) | I(p2), then I(p2)/I(p1) is even and hence r1 is odd by the
previous lemma. It yields #E(p1)=2r1 and I(p1)=(p−1)/(2r1) — 0
mod 2ord2((p−1)/2)and2ord2((p−1)/2)n | I(p2).Converselywesuppose2ord2((p−1)/2)n |
I(p2). Since n/2 is an odd divisor of p+1 and n/2 | I(p2), the former part
of the proof shows n/2 · I(p1) | I(p2). We have only to show ord2 I(p2) \
ord2(nI(p1)) to complete the proof. We see easily that from I(p1)=
(p−1)/#E(p1) | (p−1)/2 follows ord2 I(p1) [ ord2((p−1)/2) and then
ord2 I(p2) \ ord2((p−1)/2)+ord2 n=ord2((p−1)/2)+1 \ ord2 I(p1)+1
=ord2(nI(p1)). L
Proposition 3.2. Let p be a prime number unramified in K(m) and P a
prime ideal of K(m) lying above p, and set r=(((K(m)/Q)/P). Then
(p)=p1p2 in F holds for a prime ideal pi of degree i, and m | I(p2) holds if
and only if r2=id. and r(`d)=−`d .
Proof. Suppose that (p)=p1p2 holds for a prime ideal pi of degree i
and m | I(p2). By Lemma 1.1, p remains prime in Q(`d). It implies
r(`d)=−`d . Lemma 1.13 yields p2 — 1 mod 2m and xm=e has a root
in Fp2 . On the other hand, by the definition r(z2m)=z
p
2m holds and then
r2(z2m)=z2m. Since the closure of F(z2m, `d) in K(m)P is an unramified
quadratic extension of Qp, and xm=e has a root in the closure,
K(m)P is also an unramified quadratic extension of Qp, which implies
r2=id..
Conversely, suppose r2=id. and r(`d)=−`d .The condition r(`d)=
−`d yields that p remains prime in Q(`d) and hence p has a decomposi-
tion (p)=p1p2 in F with a prime ideal pi of degree i by Lemma 1.1. We
may assume p2=P 5 F, taking a conjugate ideal of P if necessary. From
r2=id. follows that K(m)P is a quadratic unramified extension of Qp
and Fp2 is also quadratic and unramified over Qp. Therefore x
m=e is
soluble in Fp2 . r
2
|Q(z2m)
=id. implies p2 — 1 mod 2m. Lemma 1.13 implies
m | I(p2). L
Now let us prepare several lemmas to prove Proposition 3.3
Lemma 3.3. Unless F is pure cubic, there exist infinitely many prime
numbers p satisfying that both (p)=p1p2 in F for prime ideals pi of degree i
and 3I(p1) h I(p2).
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Proof. By the fact that Q(`d)=Q(`−3) if and only if F is pure
cubic, our assumption yields that F0 does not contain `−3 . Choose
r ¥ Gal(F0(`−3)/Q) so that r(`d)=−`d and r(`−3)=`−3 . Let
P be a prime ideal of F0(`−3) such that r=((F0(`−3)/Q)/P) and let
p be a prime number lying below P. Since r(`−3)=`−3 , p decom-
poses in Q(`−3) and hence p — 1 mod 3 holds. On the other hand, r is
not trivial in Q(`d), and then p remains prime there and by Lemma 1.1, p
decomposes as (p)=p1p2 in F where the degree of pi=i. By Lemma 3.1,
I(p2)/I(p1) divides p+1 which is not divisible by 3. Hence 3I(p1) does not
divide I(p2). L
Lemma 3.4. Assumptions and notations being as in Lemma 3.1, and
suppose that F is pure cubic; then 3I(p1) | I(p2) if and only if p2 is completely
decomposable in F0( 3` e).
Proof. p remains prime in Q(`d)=Q(`−3) and hence p — 2 mod 3
holds and p2 decomposes in F0. Suppose 3I(p1) | I(p2), first. We denote by
r the order of e mod p2 in (OF/p2)× and define d=1 or 2 by #E(p2)=rd.
Let a ¥ OF be a primitive root of p2 and define an integer u by
e — au(p
2−1)/r mod p2. Then (u, r)=1 holds and 3 | I(p2) implies 3rd | p2−1
and hence 3r | p2−1. Thus we have e — (au(p
2−1)/(3r))3 mod p2. This means
that x3− e — 0 mod p2 has a root and hence p2 is completely decomposable
in F0( 3` e). Conversely, suppose that p2 decompose completely in F0( 3` e);
then there is an element b ¥ OF such that b3 — e mod p2, which yields
e (p
2−1)/3 — bp
2−1 mod p2 — 1 mod p2. It means r | (p2−1)/3. Since #E(p2)=r
or 2r according as r is even or odd, we have #E(p2) | (p2−1)/3, that is
3 | I(p2). The condition 3 | p+1 implies 3I(p1) | I(p2) by Proposition 3.1.
L
Lemma 3.5. Suppose that F is pure cubic and that almost all prime ideals
of degree 2 of F0 decompose completely in F0( 3` e); then there is an element
f ¥ F0 such that f3=eŒ/e.
Proof. By Lemma 1.7, we have only to prove that x3− eŒ is reducible
over F0( 3` e).
We claim that for an automorphism r ¥ Gal(K(3)/Q), the order of r is
two if the order of r|F0 is two. Suppose that the order of r|F0 is two; take a
prime ideal P of K(3) such that r=(((K(3)/Q)/P). By the assumption
the order of r|F0=((F0/Q)/P 5 F0) is two and then p :=P 5 F0 is of
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degree 2. By the assumption of the lemma, we may suppose that p decom-
poses completely in F0( 3` e). Take an automorphism g ¥ Gal(F0/Q) so that
eŒ=g(e); then g−1(p) is also a prime ideal of degree 2 of F0 and hence
g−1(p) decomposes completely in F0( 3` e) and so p decomposes completely
in F0( 3` eŒ). Thus p decomposes completely in K(3)=F0( 3` e) ·F0( 3` eŒ).
Therefore the degree of P is two and the order of r is also two. We have
shown the claim.
Now choose automorphisms r1, r2 ¥ Gal(K(3)/Q) such that the order
of r1 |F0 , r2 |F0 is two and the order of (r1r2)|F0 is three. (r2r1)|Q(`−3)=id.
implies Gal(K(3)/Q(`−3))=OGal(K(3)/F0), r2r1P. Let us show that
Gal(K(3)/Q(`−3)) is abelian. Take any element o ¥ Gal(K(3)/F0); then
the order of (rio)|F0=ri |F0 is two and hence by the claim above the order
of rio is also two. Therefore riori=o−1 holds for i=1, 2 and hence
r1or1=r2or2 follows. Since the order of ri is two, it implies r2r1o=
or2r1, that is Gal(K(3)/F0) is commutative with r2r1, and moreover
K(3)/F0 is a Kummer extension. Hence Gal(K(3)/Q(`−3)) is abelian
and hence so is Gal(Q(`−3 , 3` e)/Q(`−3)). Since there is an auto-
morphism r ¥ Gal(F0/Q) such that r(e)=eŒ and r(`−3)=`−3 , e and
eŒ are conjugate over Q(`−3). Thus 3` eŒ ¥Q(`−3 , 3` e) … F0( 3` e) holds
and x3− eŒ is reducible over F0( 3` e). L
Lemma 3.6. Suppose that F is pure cubic and there is an element f ¥ F0
such that f3=eŒ/e; then for an automorphism r ¥ Gal(F0( 3` e)/Q), the order
of r is two if the order of r|F0 is two.
Proof. We note that the existence of the element f implies that
F0( 3` e)/Q is a Galois extension. Let j be the complex conjugation and
define an automorphism g ¥ Gal(F0( 3` e)/F0) by g( 3` e)=z3 3` e , where 3` e
is supposed to be real. Then we have
jgj( 3` e)=jg( 3` e)=j(z3 3` e)=z
2
3
3` e=g2( 3` e)
and hence jgj=g2=g−1. Assume that for an element r ¥ Gal(F0( 3` e)/Q),
the order of r|F0 is two. Since both r|F0 and j|F0 are of order 2, there exists
some u ¥ Gal(F0( 3` e)/Q) such that (uru−1)|F0=j|F0 and hence uru
−1=jgb
for an integer b. Now we obtain ur2u−1=jgbjgb=g−bgb=id., and hence
r2=id.. L
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Proposition 3.3. The following two assertions are equivalent.
(i) Let p be a prime number such that p is unramified in F0 and
(p)=p1p2 in F with prime ideals pi of degree i. Then 3I(p1) divides I(p2).
(ii) F is pure cubic and F0( 3` e)/Q is a Galois extension.
Proof. (i)S (ii). By Lemma 3.3, F is pure cubic. Suppose that p is a
prime ideal of degree 2 of F0. Let p be a prime number lying below p and
assume that p is odd and unramified in F0. The Frobenius automorphism
corresponding to p in Gal(F0/Q) is of order two and its restriction to
Q(z3) is also of order two, which yields that p remains prime in Q(`−3)
and hence by Lemma 1.1, (p)=p1p2 in F holds for prime ideals pi of
degree i. Taking a conjugate ideal of p if necessary, we assume p2=p 5 F;
then 3I(p1) | I(p2) and therefore by virtue of Lemma 3.4, p2 is completely
decomposable in F0( 3` e) and hence so is p. Lemma 3.5 yields that
F0( 3` e)/Q is a Galois extension.
(ii)S (i). Let p, p1, p2 be those in (i). Let P be a prime ideal of F0( 3` e)
lying above p2 and set r=((F0( 3` e)/Q)/P). Since P 5 F=p2 and the
degree of p2 is two, the order of r|F0 is two. By Lemma 3.6, the order of r is
also two, which means that the order of P is two. Thus we have shown
that p2 is completely decomposable in F0( 3` e) and Lemma 3.4 yields
3I(p1) | I(p2). L
It may be interesting to look for an analogue for general algebraic
number fields.
Example. Let F be Q( 3` 2). Then it is easy to see e= 3` 2−1 and
eŒ=w 3` 2−1 with w=(−1+`−3)/2. Then e/eŒ=g3 for g :=(1− 3` 2+
3` 2 2+w(2+ 3` 2− 3` 2 2))/3 holds and hence F0( 3` 2)/Q is a Galois
extension.
We define by P(x) in this section the set of prime ideals p of degree 2 in
F such that the prime number p lying below p is less than x, is odd and is
unramified in F0. For a prime ideal p2 ¥ P(x), p1 denotes a prime ideal of
degree 1 such that p1p2 is the decomposition in F of the prime number
lying below p2. I(p2) is divisible by dFI(p1).We set
N(x) :=#{p2 ¥ P(x) | I(p2)=dFI(p1)},
N(x, g) :=#{p2 ¥ P(x) | q h (I(p2)/dFI(p1)) for -q [ g},
M(x, g1, g2) :=#{p2 ¥ P(x) | q | (I(p2)/dFI(p1)) for g1 < ,q [ g2},
P(x, n) :=#{p2 ¥ P(x) | n | (I(p2)/dFI(p1))},
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where q stands for prime numbers. For t1=6−1 log x, we have, as in the
second section
N(x)=N(x, t1)+O(M(x, t1, x))
= C
n | Q(t1)
m(n) P(x, n)+O(M(x, t1, x)),
where Q(t1) is the product of all prime numbers less than t1.
Now we define conjugacy classes:
For an odd integer n, we set
C(n) :={r ¥ Gal(K(n)/Q) | r2=id., r(`d)=−`d and r(zn)=z−1n }.
For an even integer n and an integer k, we set
C(n, k) :=3r ¥ Gal(K(2kn)/Q) : r2=id., r(`d)=−`d,
r(zn)=z
−1
n and r(z2k+2)=−z2k+2
4 ,
where we note z2k+2 ¥K(2kn).
Lemma 3.7. We have
(i) for an odd square-free integer n,
P(x, n)=pC(dFn)(x, K(dFn)/Q)+O(w(n)),
(ii) for an even square-free integer n,
P(x, n)= C
0 [ k [ log x/log 2−1
pC(dFn, k)(x, K(2
k dFn)/Q)+O(w(n)).
Proof. First, we note that the number of prime numbers ramified in
K(n) is O(w(n)), since they divide nd(F0). Let p be an odd prime [ x and
relatively prime to nd(F0) and suppose that p decomposes as (p)=p1p2 in
F with prime ideals pi of degree i. For a square-free integer n, such a prime
ideal p2 contributes to P(x, n), i.e., dFnI(p1) | I(p2) if and only if dFn | p+1
and either dFn | I(p2) if 2 h n or 2ord2((p−1)/2) dFn | I(p2) if 2 | n, by virtue of
Proposition 3.1. Since the condition dFn | p+1 is equivalent to z
p
dFn
=z−1dFn,
Proposition 3.2 completes the proof if n is odd. Suppose that n is even; set
k=ord2((p−1)/2) and let r ¥ Gal(K(2k dFn)/Q) be the Frobenius auto-
morphism corresponding to the prime p. Then dFnI(p1) | I(p2) is equivalent
to dFn | p+1 and 2k dFn | I(p2) by Proposition 3.1, which is furthermore
346 YOSHIYUKI KITAOKA
equivalent to dFn | p+1, r2=id. and r(`d)=−`d by Proposition 3.2.
2k+1 || p−1 is equivalent to r(z2k+1)=z2k+1 but r(z2k+2) ] z2k+2, i.e., r(z2k+2)=
−z2k+2. 2k+1 [ p−1 < x implies k [ log x/log 2−1. These complete the
proof in case of 2 | n. L
Taking Lemma 3.7 into account, we conjecture
N(x)=c0 Li(x)+O 1x log log x(log x)2 2 ,
where
c0 := C
n : odd
m(n) #C(dFn)
[K(dFn) : Q]
+ C
n : even
k \ 0
m(n) #C(dFn, k)
[K(2k dFn) : Q]
.
Remark. When dF=1, P(x, 1)=#P(x)=#P(1, 2)(x) in Section 2=1/2·
Li(x)+error urges #C(1)/[K(1) : Q]=1/2.
We can show c0 > 0 by evaluating #C(n), #C(n, k). But it is not simple.
c0 > 0 suggests that the lower bound dFI(p1) for I(p2) is good. c0 is a
rational number times the Artin constant.
4. PRIME IDEALS OF DEGREE 3
Lemma 4.1. Let p be an odd prime which remains prime in F and is
unramified in F0. Then we have
ep
2+p+1 — 1 mod p, (p−1)/2 | I((p))
and the order r of e mod (p) is odd and divides p2+p+1, and E((p)) ]
Oe mod ((p))P.
Proof. Let P be a prime ideal of F0 lying above p and set p=
P 5 F=(p). Since P is of degree 3, r=((F0/Q)/P) is of order 3. Then
we have 1=NF/Q(e)=r2(e) r(e) e — ep
2+p+1 modP. Therefore r divides
p2+p+1 and hence r is odd. If E((p))=Oe mod (p)P, then −1 —
e t mod (p) holds for some integer t, which contradicts r being odd.
Thus we have #E(p)=2r | 2(p2+p+1) and I((p))=(p3−1)/#E(p) — 0
mod (p−1)/2. L
Lemma 4.2. Let p be as in Lemma 4.1. Then we have
(#E((p)), p−1)=2 or 6.
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Proof. Let r be the order of e mod (p) in (OF/(p))×. For q=(r, p−1),
q | r | p2+p+1 is clear. Then q | p−1 implies p2+p+1 — 3 mod q and from
these follows q | 3. Hence (2r, p−1) | 6 holds. L
Lemma 4.3. Let p be as in Lemma 4.1. Then (#E((p)), p−1)=6 if and
only if p — 1 mod 3 and e (p
2+p+1)/3 – 1 mod (p) hold. (#E((p)), p−1)=2
holds if and only if either p — 2 mod 3 or both p — 1 mod 3 and
3(p−1)/2 | I((p)).
Proof. By virtue of the previous lemma, (#E((p)), p−1)=6 if and
only if p — 1 mod 3 and #E((p)) — 0 mod 3. Suppose, first p — 1 mod 3 and
#E((p)) — 0 mod 3. We assume e (p
2+p+1)/3 — 1 mod (p). Let r be the order
of e mod (p); then r — 0 mod 3 holds and the assumption yields
3 | r | (p2+p+1)/3 and hence p2+p+1 — 0 mod 9 holds. This is a contra-
diction, because p — 1 mod 3 implies p2+p+1 — 3 mod 9. Conversely
suppose p — 1 mod 3 and e (p
2+p+1)/3 – 1 mod (p). By Lemma 4.1, we know
ep
2+p+1 — 1 mod (p) and hence the order of e mod (p) is divisible by 3,
and so 3 | #E((p)) holds and then we have (#E((p)), p−1)=6. Now
(#E((p)), p−1)=2 is clearly equivalent to either p — 1 mod 3 and
e (p
2+p+1)/3 — 1 mod (p) or p — 2 mod 3. Hence we have only to show, under
the assumption p — 1 mod 3 the condition e (p
2+p+1)/3 — 1 mod (p) is equiv-
alent to 3(p−1)/2 | I((p)). Assume p — 1 mod 3 and set n=3(p−1)/2.
First suppose n | I((p)); then Lemma 1.13 implies an=e for some a in
F(p)and hence e (p
3−1)/n — 1 mod (p), which is nothing but e2(p
2+p+1)/3 — 1
mod (p) and hence e (p
2+p+1)/3 — 1 mod (p) since r is odd. Conversely
suppose e (p
2+p+1)/3 — 1 mod (p). Since 2(p2+p+1)/3=(p3−1)/n divides
p3−1, we have e — an mod (p) for some a ¥ OF. Moreover the additional
condition (p3−1)/(2n)=(p2+p+1)/3 ¥ Z yields n | I((p)) by Lemma 1.13.
L
Lemma 4.4. Let p be as in Lemma 4.1, and P a prime ideal of K(3) lying
above p and set r=((K(3)/Q)/P). If p — 2 mod 3, then (#E((p)), p−1)
=2 holds. Suppose p — 1 mod 3; then setting W :=(1+ee¯ Œ+e) 3` eŒ/e , we
have (#E((p)), p−1)=2 if and only if r(W)=W.
Proof. The first assertion follows clearly from Lemma 4.2. Hereafter we
assume p — 1 mod 3. Since P 5 F is of degree 3 by the assumption on p,
P 5 F0 is also of degree 3 and hence r|F0 is of order 3 and r(e)=eŒ or e¯ Œ.
r(z3)=z3 is clear, and the condition r(W)=W is independent of the choice
of the third root of eŒ/e. We set w := 3` e r( 3` e) r2( 3` e), which is a third
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root of unity. First we assume r(e)=eŒ and 3` eŒ/e=r( 3` e)/ 3` e . Set
f=r( 3` e)/ 3` e ; then r(f)=fw/r(e) follows, which implies r2(f)=
ef/w and hence e=wr2(f)/f. We see
r(W)=(1+er(e)+r(e)) r(f)
=(1+er(e)+r(e)) fw/r(e)
=(er2(e)+e+1) fw
=Ww.
On the other hand, we have by f — e (p−1)/3 modP
e (p
2+p+1)/3 — (wfp
2−1) (p
2+p+1)/3 modP
— w(ep
2+p+1) ((p−1)/3)
2 (p+1) modP
— w modP,
since ep
2+p+1 — 1 modP by Lemma 4.1. Now we find by Lemma 4.3,
(#E((p), p−1)=6 holds if and only if w ] 1 holds. Therefore
(#E((p)), p−1)=2 if and only if w=1. It completes the proof in case of
r(e)=eŒ. In case of r(e)=e¯ Œ, the conjugate rŒ :=jrj by the complex
conjugation j, rŒ(e)=eŒ holds. By the above, (#E((p)), p−1)=2 if and
only if 3` e rŒ( 3` e) rŒ2( 3` e)=1, which is equivalent to 3` e r( 3` e) r2( 3` e)
=1. Taking r2( 3` e)/ 3` e as 3` eŒ/e , we see easily r(W)=( 3` e r( 3` e)
r2( 3` e))2W. Thus again we find that (#E((p)), p−1)=2 is equivalent to
r(W)=W. L
Remark. The proof shows that for W=(1+ee¯ Œ+e) 3` eŒ/ 3` e and an
automorphism r ¥ Gal(K(3)/Q) such that r(z3)=z3 and r(e)=eŒ or e¯ Œ,
w := 3` e r( 3` e) r2( 3` e) is a third root of unity and r(W)/W=w or w2
according to r(e)=eŒ or e¯ Œ.
Lemma 4.5. Let p be as in Lemma 4.1, and suppose that p is unramified
in K(n). We consider the three conditions
(i) p2+p+1 — 0 mod n,
(ii) a prime ideal of F0(z2n) lying above p decomposes completely in
K(n),
(iii) 3 h n.
Then n(p−1)/2 | I((p)) holds if and only if (i) and (ii) hold in case of
(#E((p)), p−1)=2, and (i), (ii), and (iii) hold in case of (#E((p)), p−1)
=6, respectively.
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Proof. Suppose n(p−1)/2 | I((p)), and denote by r the order of
emod (p) and set t=I((p))/(n(p−1)/2) ¥ Z.Since (p2+p+1)/n=(p3−1)/
(n(p−1))=I((p)) #E((p))/(n(p−1))=t#E((p))/2 is an integer, n
divides p2+p+1, which is the condition (i). Take a generator a ¥ OF of
(OF/(p))× and write e — au(p
3−1)/r mod (p) for an integer u with (u, r)=1.
On the other hand, p3−1=I((p)) #E((p)) — 0 mod n(p−1)/2 · r holds
and hence p3−1=nrw follows for some integer w. Then we have
e — aunw mod (p) — (auw)n mod (p),
and hence xn=e is soluble over F(p) since p h n. Thus the condition (ii)
holds. Now we assume (#E((p)), p−1)=6 moreover. By the assumption,
we have p2+p+1 — 3 mod 9 and #E((p)) — 0 mod 3. Then 2(p2+p+1)=
nt#E((p)) yields 3 h n. Conversely we assume the conditions (i), (ii). Let P
be a prime ideal of K(n) lying above p. Since p3−1=(p−1)(p2+p+1)
— 0 mod 2n, the degree of P 5Q(z2n) is one or three. By the assumption on
p, the degree of P 5 F and then of P 5 F0 are three and hence in K(n)P the
closures of F and F0(z2n) coincide. On the other hand, the condition (ii)
yields that xn=e is soluble in the closure of F0(z2n) in K(n)P. Therefore
xn — e mod OF/(p) has a solution, since OF/(p) 5 OF0(z2n)/P 5 F0(z2n). Let
a ¥ OF be a generator of (OF/(p))×; then there is an integer u such that
(au)n — e mod (p). Hence we have unr — 0 mod p3−1 for the order r of
e mod (p), and then unr=w(p3−1) for an integer w with (r, w)=1.
We recall r is odd and #E((p))=2r.
In case of (#E((p)), p−1)=2, the conditions (2r, p−1)=2 and 2 h r
imply (r, p−1)=1 and hence (r, w(p−1))=1. Then ur=w(p−1)
(p2+p+1)/n ¥ Z yields r | (p2+p+1)/n which induces the desired equa-
tion 2I((p))/(n(p−1))=(p2+p+1)/(nr) ¥ Z.
In case of (#E((p)), p−1)=6, we assume 3 h n moreover. By virtue of
(2r, p−1)=6, we set r=3rŒ and then (rŒ, (p−1)/3)=1 and similarly to
the above, urŒ=w·(p−1)/3 · (p2+p+1)/n yields rŒ | (p2+p+1)/n. Hence
6I((p))/n(p−1)=(p2+p+1)/(nrŒ) ¥ Z holds. Thus we have n(p−1)/
6 | I((p)).Toshown(p−1)/2 | I((p)),wehaveonly to seeord3(n(p−1)/2) [
ord3I((p)). By virtue of 3 h n, it is easy to see
ord3(n(p−1)/2)=ord3((p−1)/2) [ ord3(I((p)))
by virtue of Lemma 4.1. Thus we have completed the proof. L
Remark. An integer n which satisfies the condition (i) is odd.
Proposition 4.1. Let n be a positive integer and let p be an odd prime
number such that p is unramified in K(n). Then the following (i), (ii) are
equivalent:
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(i) p remains a prime ideal in F and n(p−1)/2 | I((p)).
(ii) Let P be a prime ideal of K(n) lying above p and set
r :=((K(n)/Q)/P). Then we have
(ii.1) r3=id.,
(ii.2) r|F0 ] id.,
(ii.3) r(zn)=z
a
n for an integer a satisfying a
2+a+1 — 0 mod n,
(ii.4) if 3 | n, then r(W)=W holds, where W :=(1+ee¯ Œ+e) 3` eŒ/e .
Proof. (i)S (ii). Since p remains prime in F, the degree of P 5 F
is three and hence the order of r|F0 is three and then (ii.2) holds. By
Lemma 4.5, we have p2+p+1 — 0 mod n, which implies (ii.3) for a=p.
Since p3 — 1 mod n, we find that the order of r|F0(z2n) is three. By Lemma 4.5,
P 5 F0(z2n) is completely decomposable in K(n)/F0(z2n) and hence the
degree of P is three and then the order of r is also three, which yields (ii.1).
Suppose 3 | n; then (#E((p)), p−1)=2 occurs by virtue of Lemma 4.5. If
p — 2 mod 3, then r(z3)=z−13 holds, which contradicts (ii.3). Therefore we
have p — 1 mod 3, and then Lemma 4.4 yields r(W)=W, i.e., (ii.4).
(ii)S (i). We assume the condition (ii). (ii.3) and r(zn)=z
p
n implies
a — p mod n and hence p2+p+1 — 0 mod n. The conditions (ii.1) and (ii.2)
yield that p remains prime in F, and in K(n)/F0 the prime ideals lying
above p are completely decomposable. If, hence (#E((p)), p−1)=2, then
Lemma 4.5 implies n(p−1)/2 | I((p)). Suppose (#E((p)), p−1)=6. Since
p — 1 mod 3, the supposition yields r(W) ] W by Lemma 4.4. The condition
(ii.4) implies 3 h n and n(p−1)/2 | I((p)) by virtue of Lemma 4.5. L
Lemma 4.6. If F is not pure cubic, there exist infinitely many prime
numbers p such that p remains a prime ideal in F and 3(p−1)/2 h I((p)).
Proof. Suppose that F is not pure cubic. Since F0 does not contain
`−3 , there is an element r of Gal(F0(`−3)/Q) such that r|Q(`−3) ] id.
and the order of r|F0 is three. Let P be a prime ideal of F0(`−3) whose
Frobenius automorphism is r. Then the degree of P 5 F0 (resp. P 5
Q(`−3)) is three (resp. two) and hence the prime number lying below P
remains a prime ideal in F and Q(`−3). Hence we have p — 2 mod 3 and
2(p2+p+1)
I((p))/((p−1)/2)
=#E((p)) ¥ Z.
Since I((p))/((p−1)/2) is an integer by Lemma 4.1, it divides
2(p2+p+1). On the other hand, p — 2 mod 3 implies p2+p+1 – 0 mod 3
and hence 3 does not divide I((p))/((p−1)/2). L
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Lemma 4.7. If F is pure cubic and F0( 3` e)/Q is a Galois extension, then
a prime ideal of F0 of degree 3 decomposes completely in F0( 3` e).
Proof. Since[F0( 3` e) : Q]=18, the3-SylowsubgroupofGal(F0( 3` e)/Q)
is isomorphic to (Z/3Z)2 or Z/9Z. We show (Z/3Z)2 is valid. To do it,
suppose that the subgroup is cyclic; then there exists an automorphism
r ¥ Gal(F0( 3` e)) whose order is 9. Hence the order of r|F0 is three. Taking a
conjugate of r if necessary, we may assume r(e)=eŒ, r2(e)=e¯ Œ. Fix third
roots 3` e, 3` eŒ, 3` e¯ Œ so that 3` e 3` eŒ 3` e¯ Œ=1, we set r( 3` e)=g1 3` eŒ, r( 3` eŒ)
=g2 3` e¯ Œ for third roots g1, g2 of unity. Since r(z3)=z3, we have
r2( 3` e)=r(g1 3` eŒ)=g1g2 3` e¯ Œ=g1g2( 3` e 3` eŒ)−1,
r3( 3` e)=g1g2(g1 3` eŒ g2 3` e¯ Œ)−1= 3` e ,
which yields a contradiction that the order of r is three. Let p be a prime
ideal of F0 of degree 3, and P a prime ideal of F0( 3` e) lying above p. The
degree of P is 3 or 9. The Frobenius automorphism r corresponding to P
has order 3 by what we have shown. It means that the order of P is three
and hence p is completely decomposable. L
Proposition 4.2. The following are equivalent.
(i) If an odd prime number p remains a prime ideal in F and is
unramified in F0( 3` e), then
3(p−1)/2 | I((p))
holds.
(ii) F is pure cubic and F0( 3` e)/Q is a Galois extension.
Proof. (i)S (ii). By Lemma 4.6, F is pure cubic. Suppose that
F0( 3` e)/Q is not a Galois extension and then K(3)/F0( 3` e) is a cubic
extension. Let r0 be an automorphism in Gal(F0/Q) such that r0(e)=eŒ
(and hence r20(e)=e¯ Œ). Then r0 is the identity on Q(`d)=Q(z3). Since
K(3)/F0 is a Kummer extension with Gal(K(3)/F0) being isomorphic
to (Z/3Z)2 and r0(eŒ/e)=e¯ Œ/eŒ=e−3(eŒ/e)−2, there is an extension
r ¥ Gal(K(3)/Q) of r0 such that for f= 3` eŒ/ 3` e , r(f)=w/ef2 for a non-
trivial third root w of unity. By virtue of r(z3)=z3, w=ef2r(f) does not
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depend on the choice of the third root of eŒ and hence we have for
f1 :=r( 3` e)/ 3` e , w=ef
2
1r(f1)= 3` e r( 3` e) r
2( 3` e). Now we take an odd
prime integer p and a prime ideal P of K(3) lying above p so that
r=((K(3)/Q)/P). r(z3)=z3 implies p — 1 mod 3 and then Lemma 4.4
and the remark after it yield (#E((p)), p−1)=6. Therefore 3 | #E((p))
holds,whichimpliesord3(I((p))/((p−1)/2))=ord3(2(p2+p+1)/#E((p)))
[ 0 because p — 1 mod 3 implies 3 || p2+p+1. Since I((p))/((p−1)/2) is
an integer by Lemma 4.1, we obtain 3(p−1)/2 h I((p)). It contradicts the
assumption.
(ii)S (i). Let p be an odd prime number such that p remains a prime
ideal in F and unramified in F0( 3` e). For a prime ideal P of F0( 3` e) lying
above p, we set r=((F0( 3` e)/Q)/P). By Lemma 1.1, p decomposes in
Q(`−3), and p — 1 mod 3 holds. Since the degree of P 5 F is three, the
degree of P 5 F0 is also three and hence the order of r|F0 is three. By
Lemma 4.7, the degree of P and hence the order of r is three, too. By
virtue of Lemma 1.7, there is an element f ¥ F0 such that f3=eŒ/e. Taking
a conjugate of P, we may assume r(e)=eŒ. For the complex conjugation j,
we have
(efj(f))3=e3 · eŒ/e · e¯ Œ/e=1
and efj(f) is real positive and so efj(f)=1. On the other hand, we see
(r(f) jr(f))3=r(eŒ/e) jr(eŒ/e)=e¯ Œ/eŒ · eŒ/e¯ Œ=1
and hence r(f) jr(f)=1, since it is real positive. Now r2=jrj on F0
implies
r2(f)=jrj(f)=jr(ef)−1=j(eŒr(f))−1=r(f)/e¯ Œ
and hence e=r(e¯ Œ)=r(r(f)/r2(f))=r2(f)/f holds. Therefore we have
e (p
2+p+1)/3 — (fp
2−1) (p
2+p+1)/3 modP — (ep
2+p+1) (p+1)((p−1)/3)
2
modP
by f3=eŒ/e — ep−1 modP. Here, noting 1=NF/Q(e)=er(e) r2(e) —
e1+p+p
2
modP, we get finally
e (p
2+p+1)/3 — 1 modP
and hence #E((p)) | 2(p2+p+1)/3. It implies
I((p))
3(p−1)/2
=
2(p2+p+1)/3
#E((p))
¥ Z. L
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We define a union of conjugacy classes C(n) of Gal(K(n)/Q) by
C(n) :=3r ¥ Gal(K(n)/Q) : (ii.1), (ii.2), (ii.3) and (ii.4)
in Proposition 4.1
ˇ.
In this section, we denote by P(x) the set of prime numbers p such that p
remains a prime ideal in F and is unramified in F0 and p [ x. I((p)) is
divisible by dF(p−1)/2.We set
N(x) :=#{(p) ¥ P(x) | I((p))=dF(p−1)/2},
N(x, g) :=#{(p) ¥ P(x) | q h I((p))/(dF(p−1)/2) for -q [ g},
M(x, g1, g2) :=#{(p) ¥ P(x) | q | I((p))/(dF(p−1)/2) for g1 < ,q [ g2},
P(x, n) :=#{(p) ¥ P(x) | n | I((p))/(dF(p−1)/2)},
where q stands for prime numbers.
Then as before, we have
N(x)= C
n | Q(t1)
m(n) P(x, n)+O(M(x, t1, x)),
and
P(x, n)=pC(dFn)(x, K(dFn)/Q)+O(w(n)).
We conjecture
N(x)=c0 Li(x)+O 1x log log x(log x)2 2
where
c0 :=C
n \ 1
m(n) #C(dFn)
[K(dFn) : Q]
.
But what we can do now is to show c0 > 0. It means that the lower bound
dF(p−1)/2 for I((p)) is good. c0 is a rational number times
D
p — 1 mod 3
31− 2
p(p−1)
4 .
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Remark. Since
P(x, 1)=#P(x)
=the number of primes which is less than or equal to x and remains
prime in F
=the number of primes which is less than or equal to x and decom-
poses a product of prime ideals of degree 3 in F0
=1/3 ·Li(x)+error,
#C(1)/[K(1) : Q] should be 1/3.
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